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Abstract. Let S be a numerical semigroup and let (Z, <s) be the (locally finite) poset induced 
by S on the set of integers Z defined by x <s y if and only if y — x £ S for all integers x and y. 
In this paper, we investigate the Mobius function associated to (Z, <s) when S is an arithmetic 
semigroup. 
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D ■ 1. Introduction 

CO. 

. The Mobius function is an important concept associated to (locally finite) posets. Mobius 

function can be considered as a generalization of the classical Mobius arithmetic function on 
the integers (given by the Mobius function of the poset obtained from the positive integers 
partially ordered by the divisibility). Mobius function has been extremely useful to investigate 
many different problems. For instance, the inclusion- exclusion principle can be retrieved by 
considering the set of all subsets of a finite set partially ordered by inclusion. We refer the 
reader to [5] for a large number of applications of the Mobius function. 

In this paper, we investigate the Mobius function associated to posets arising naturally from 
numerical semigroups as follows. Let ai, a 2 , . . . , a n be n > 1 relatively prime positive integers 
and let S = {ai, a 2 , • • • , a n ) denote the numerical semigroup generated by a%, a 2 , . . . , a n , that is, 

S = (ai,a 2 , ... ,a n ) = {x 1 a l + x 2 a 2 H h x n a n \ xi, x 2 , ...,x n G N} . 

Throughout this paper, we consider the structure of the poset induced by S on the set of integers 
Z, whose partial order <s is defined by 

x <s y y -x g S, 

for all integers x and y. This (locally finite) poset will be denoted by (Z, <s). 

We denote by fis the Mobius function associated to (Z, <s). As far as we are aware, the only 
known result concerning ^5 is an old theorem due to Deddens [lj that determines the value of 
Us when S has exactly two generators. Here, we shall introduce and develop a new approach 
to investigate fis when S is an arithmetic semigroup, that is, when S = (a,a + d,...,a + kd) 
for some integers a, d and k < a — 1. 

This is a self-contained paper and it is organized as follows. In the next section, we review 
some classic notions of the Mobius function and present some results needed for the rest of 
the paper. In Section [31 we give a new direct proof of Deddens' result, shorter than the 
original one (based on a recursive case-by-case analysis). In Section HI we discuss results about 
arithmetic semigroups, in particular, we prove the existence of unique representations. The 
latter is a key result that will be used, in Section to give a recursive formula for when 
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S = {a, a + d, . . . , a + kd). Finally, in Section [61 we propose an explicit formula for us (based 
on the multiplicity function of a multiset) in the case when k = 2 and a is even. 
Background information on numerical semigroups can be found in the books OH]. 

2. MOBIUS FUNCTION 

Let (P, <) be a partially ordered set, or poset for short. The strict partial order <p is the 
reduction of <p given by, a <p b if and only if a <p b and a ^ b. For any a and b in the poset 
P, the segments between a and b are defined by 

[a,b] p = {c<E P \ a <p c <p 6} , ]a,b] p = {c € P \ a <p c <p b} , 

[a, b[ P = {c € P | a <p c <p 6} , ]a, 6[ P = {c€-P| a<pc<p t}. 

A poset is said to be locally finite if every segment has finite cardinality. In this paper, we only 
consider locally finite posets. 

Let a and b be elements of the poset P. A chain of length I > between a and 6 is a 
subset of [a, b] p containing a and 6, with cardinality I + 1 and totally ordered by <, that is 
{do, a\ , . . . , ai } C [a, b] P such that 

a = ao <p oi <p a2 <p ••• <p ai_i <p a; = b. 

For any nonnegative integer I, we denote by C/(a, b) the set of all chains of length / between a 
and b. The cardinality of C[(a,b) is denoted by q(o, 6). This number is always finite because 
the poset P is supposed to be locally finite. For instance, the number of chains 02(2, 12), where 
the poset is the set N partially ordered by divisibility, is equal to 2. Indeed, there are exactly 2 
chains of length 2 between 2 and 12 in [2, 12] N = {2, 4, 6, 12}, which are {2, 4, 12} and {2, 6, 12}. 

For any locally finite poset P, the Mobius function [ip is the integer- valued function on P x P 
defined by 

fi P (a,b)=Y,(-l) l ci(a,b), (1) 
z>o 

for all elements a and b of the poset P. One can remark that this sum is always finite because, 
for a and b given, there exists a maximal length of a possible chain between a and b since the 
segment [a, b] P has finite cardinality. 

The concept of Mobius function for a locally finite poset (P, <) was introduced by Rota in 
[S] as the inverse of the zeta function in the incidence algebra of a locally finite poset. Let us 
see this with more detail. Consider the set I(P) of all real-valued functions / : P x P — > M for 
which f(a,b) = if a^pb. The sum + and the multiplication by scalars . are defined as usual 
in 1{P). The product of two functions / and g in I(P) is defined by 

(fxg)(a,b)= f( a , c )9{c,b), 

c£[a,b] p 

for all (a, b) ePxP. Then (I(P), +, ., x) appears as an associative algebra over 1R. This is the 
incidence algebra of P. The Kronecker delta function 5 € I(P), defined by 

6(a,b) = l 1 if ° = 6 ' 
1 otherwise, 

2 



for all (a, b) G P x P, is the identity element of X(P). The zeta function £p G 2T(P) is defined 
by 

/• c k\ / 1 if a < P 6, 
I otherwise, 

for all (a, b) G P x P. 

Rota [5] proved that the zeta function £p (called the inverse function) is invertible in I(P) 
and showed that [ip is recursively defined as follows: for all (a, b) G P x P, by 

Mp(a, a) = 1 and [ip(a,b) = — fip(a,c) \i a <p b. (2) 

cg[a,6[ p 

Let us see that both definitions of //g given by ([TJ and by ([2]) are equivalent. For, let a and 6 
be two elements of the locally finite poset P such that a <p b. Then, 

ci(a,b) = ^ c l-i( a ' c )= ^2 c '-i( c > ft )> ( 3 ) 

c£[a,b[ p ce]a,b] p 

for all positive integers I. Indeed, every chain {o,q, a±, . . . , ai} G C/(a, b) can be seen like an 
extension of a chain of C/_i(a, a/-i) or of C;_i(ai,&). 

Obviously, the identity /As (a, a) = 1 directly comes from ([T]) since co(a, a) = 1 and c/(a, a) = 
for alH > 1. By combining ([3]) and ([1]), for all a <p 6, we obtain that 

fi P {a,b) = ^2(-l) l ci(a,b) = c (a,b) + ^ q_i(a,c). 

l>0 1>1 c£[a,b[ p 

Finally, since a ^ b, it follows that co(a, 6) = and thus 

Hp{a,b)= J^( _1 ^ +lQ ( a ' c ) = ~ MpO,c)- 

cG[a,b[ p £>0 cG[a,6[ p 

Similarly, using the second identity of (|3|), we can also prove that, whenever a <p b, we have 

Hp{a,b) = - ^ Hp(c,b). 

ce]a,b] p 

Therefore the two definitions of the Mobius function (for a locally finite posets) are the same. 
All the results presented in this paper are derived from the recursive formula presented in ([2]). 

2.1. Poset of integers induced by a numerical semigroup. Let S be a numerical semi- 
group and (Z, <s) its associated poset. Observe that (Z, <g) is a locally finite poset since 



[ x >y]< 



,<s) 



< y — x, for all x, y G Z. It is easy to see that fis can be considered as a univariable 



function of Z. Indeed, for all x, y G Z and for all p > 0, we have 



cj0e,2/) = q(0,y -a). (4) 

The above follows since the set Ci(x, y) is in bijection with Cj(0, y — x). Indeed the map that 
assigns the chain {xo, s&i, • • • , £z} £ C;(a;, y) to the chain {0, x\ — xq, . . . , xi — xq} G C/(0, y — x) 
is clearly a bijection. Thus, by definition of us and equality (jH) we obtain 



for all x, y G Z. 



Vs{x,y) = ns(0,y- x) 
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In the sequel of this paper we shall only consider the reduced Mobius function fig ■ Z — > Z 
defined by 

fig{x) = fj,g(0,x), for all x G Z. 

This recursive formula given by ([2]) can be more easily presented when the locally finite poset 
is (Z,< s ). 

Proposition 1. Let S be a numerical semigroup and let x G Z \ {0}. Then, 

(J>s(x) = - ^s{x-y) ^2ii s (x-y) = 0. 

yes\{0} yeS 

Proof. From ([2]), we deduce that 

MsO*0 = - X] = ~ Yl ^s(y) = - Yl ^s{x-y). 

(E '- s) x-yeS\{0} y£S\{0} 

The result follows since, by definition of fig, fig{x — y) = unless x — y G S. □ 

3. Deddens' result : new proof 
In [lj, Deddens proved the following. 

Theorem 1. pQ Let a and b be two relatively positive integers and let S = (a,b). Then, for all 
i£Z, we have 



fj,s(x) = < 



1 if x > and x = or a + b (mod ab), 
-1 if x > and x = a or b (mod ab), 
otherwise. 



Dedden's proof was based on a recursive argument and a case-by-case analysis. We may give 
the following direct proof of Theorem [TJ 
Proof of Theorem [IJ We shall prove that 

MS 0*0 = MsOr - ab) (5) 

for every x G Z \ {0, a, 6, a + £>}. The result then follows since ftg(x) = for all x < 0, 
/is(0) = 1, fig(a) = fig(b) = -1 and fig{a + 6) = c 2 (0, a + 6) - d(0, a + b) = 2 - 1 = 1. 

Let us prove then equality ([5]). Let S 1 = (a, 6} = {m a a + mfc& | m a ,mb G N} and let x G 
Z \ {0}. By Proposition [1] we already know that 

Hs(x) = - Vs{x-y) = - X fis(x-y)- X ns(x-y). 



Since 



then 



yeS\{0} yes\{0} yes\{0} 

y—aeS y-a^S 



X Hs{x ~y) = Y ^ s ^ x - a ) - z ) = ° 5 for x - a / 0, 

y€S\{0} z£S 
y-aeS 



Vs{x 



) = - Y Vs{x-y), for x G Z \ {0, a}. 



y€S\{0} 
y-a^S 



Moreover since {y G S \ {0} | y — a £ S} = {m^o | m\, € {1, 2, . . . , a — 1}} then 



a-1 



^s(x) = — ~~ JTifefc)) for x G Z \ {0, a}. 

m b =l 

By applying ([6]) for x — b G Z \ {0, a}, that is, x G Z \ {6, a + 6} we obtain that 



(6) 



Hs(x — b) = — Hs( x — mbb), for x — b G Z \ {0, a}. 

m b =2 

By combining ([6]) and ((7|), for x G Z \ {0, a, 6, a + 6}, we obtain that 

a—1 a—1 

f*>s(x) = ~ ^2 ^ x ~ mfe& ) = ~Vs(x ~ b) - ^2 Vs{x ~ m b b) 

mj,=l mt,=2 
a a—1 

m b =2 m(,=2 



Hs{x - ab) 



as desired. 



(7) 



O 



4. Arithmetic semigroups : preliminary results 

Let S be a numerical semigroup. The Apery set of S with respect with m £ 5 is defined as 

Ap(S; m) = {x G S \ x — m ^ S} . 

It is known that Ap(S; m) constitutes a complete set a of residues modm. 

Roberts [3] has proved that if S = {a, a + d, . . . ,a + kd) with gcd(a, d) = 1 and k G {1, 2, . . . , a 
1} then 

' r i 



Ap(S;a) 



k 



a + id 



ie{0,l,...,a-lU. 



(8) 



The following result gives a unique representation of elements in arithmetic semigroups. 



Lemma 1. Let x G S = (a, a + d, . . . ,a + kd) with 2 < k < a — 1. Then, there exists a unique 
triplet (xo,Xi,Xk) G N x {0, 1} x {0, . . . , |~§]} such that 

x = xqcl + Xi(a + id) + x&(a + feci) 

/or some 1 < i < k — 1 mf/i ixj + fex^ < a. 

Proof. Let x G 5 and xo, • • • , x^ G N such that 

x = xoa + xi(a + d) + x 2 (a + 2d) + • • • + x^(a + kd). (9) 

Existence : Let ji and j 2 be two integers such that < ji, j% < A;. We notice that (a + jid) + 
(a + j 2 d) can be expressed as either 

(a + jid) + (a + j 2 d) = a + (a + (ji + j 2 )d), for < ji + j 2 < k 

or 



(a + jid) + (a + j 2 d) = (a + fed) + (a + (ji + j 2 - k)d), for fe < ji + j 2 < 2fe. 
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So, by repeatedly adding consecutive terms from the expression of x in Q, we obtain that 
there exists a triplet (xq, x^, x*.) such that 

x = xqcl + Xi(a + id) + x k (a + kd), 

with 1 < i < k — 1 and Xj € {0, 1}. Moreover, we may suppose that < Xk < [a/k\. Otherwise, 
we use the following equality 



+ 1 ) (o + kd) 



a 

k 
a 

Ik 
a 

J 



+ 1 )-+(Li. 

+ d + l) a + 
+ a + (a + 



k + kj d 

k + k — a^j d 
— k + k — aj d) , 



a 
Ik 



where 1 < [a/k\ k + k — a < k. 

Finally, if ixi + kx k > a then we consider the following representation 

x = x^a + Xi(a + id) + Xk(a + fed) 
= (x + Xi + Xk) a + (ixi + A;x fc ) d 
= (x + Xi + Xk + d) a + (ixi + kx k - a) d 

= (x + Xi + Xk + d - 1) a + (a + (ixj + fcrfc - a) d) , 

where < ixi + /cxfc — a < ixi + k [a/k\ ~ a < k — l+ [a/k\ k — a < k — 1. Obtaining the desired 
decomposition. 

Uniqueness: Let us suppose that there exist two triplets of non-negative integers (xo,Xi,Xk) 
and (yo,yj,yk) such that 

xqcl + Xi(a + id) + Xk(a + feci) = yo^ + Vjifl + J^) + 2/fe(o + ^d); 

with 1 < z, j < /c — 1, Xi, yj £ {0, 1}, ixi + < a and jy^ + kyk < a. It follows that 

(ixi + kx k )d = (jyj + ky k )d (mod a), 

and since gcd(a, d) = 1 then 

ixi + x k k = jyj + ky k (mod a) 
Moreover, since ixi + /cx^ < a and + feyfc < a, then 

z«j + kx k = jyj + A;y fe or equivalently ixi - jyj = k(y k - x k ). 
We have four cases. 

Case 1) if Xi = and yj = 1 then — j would be a multiple of k which is impossible since 
-1 > -j > -k 

Case 2) if Xj = 1 and yj = then i would be a multiple of k which is impossible since 
1 < i < k 

Case 3) if Xj = yj = 1 then i — j would be a multiple of k but since —k + 2 < i — j < k — 2 
then i — j = implying that x k = y k and thus xo = yo- 

Case 4) if Xj = yj = then k{x k — y k ) = and since fc > 1 then x^ = and thus xo = yo- d 
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Let (xq, Xi, x k ) G N x {0, 1} x {0, . . . , [a/k\ } with 1 < i < k — 1 and ixi + kx k < a. We shall 
denote by [xq, Xi, x k \ the element in S given by the representation of Lemma [TJ 

5. Recursive formula 

We shall now present a recursive formula for n$ when S = (a, a + d, . . . , a + kd). The fol- 
lowing key remark led us to guess such recursion. If x = m a a + m^d such that m a > and 
< ma < a — 1 then, 

x G S m a > 



m d 



Theorem 2. Let S = {a, a + d, . . . ,a + kd) with gcd(a, d) = 1 and let a = qk+r with < r < k. 
Let x € Z \ {0, a, a + kd, a + (a + kd)}, then 



l*s{x) = < 



fc-l 



Hs{x - q(a + kd)) + ^ ,us(x - (a + id) - q(a + fed)) 
i=i 

—Hs(x - (a + id)) 

fc-l 

/As(z — (g + l)(a + fed)) + ^ - (a + id) - g(a + fed)) 



fc-l 



^2^s(x - (a + id)) 



ifr = 0, 



ifr = 1, 



j=i 



r-1 



Ms(x - (g + l)(a + fed)) + ^ - (a + id) - (q + l)(o + fed)) 

i=l 

fc-l fc-l 
+ /is(x — (a + id) — (j(a + fed)) — ^s(x — (a + id)) if r > 2. 



i=l 



Proof. Let i£Z \ {0}. As for the proof of Theorem [JJ we have 

2/e5\{0} 

= -^2 ^s(x-y)~Y^ vs(x-y) 



y£S\{0} 
y-aeS 



y£S\{0} 
y-a(£S 



yes\{0} 

y-a$S 



XI Vs{x-y) if 



y€S\{0} 
y-agS 

Let us now determine the set 

{?/65\{0} \ y-ai S} = Ap(S;a) \ {0}. 

For, we consider the set Ap(S; a) given by (JSj) in function of the unique representation of 
Lemma [TJ We have three cases. 
Case a) If r = then 

Ap(S, a) \ {0} = {y k (a + kd) | y k £ {1, . . . , q - 1}} 

y k e{0,...,q-l} \ 



\J< (a + id) + y k (a + fed) 



i€{l,...,fe-l} 



Case b) If r = 1 then 



Ap(S, a) \ {0} = {y k (a + kd) \ y k G {1, . . . , q}} 
{J I (a + id) + y k (a + kd) 



y k e{Q,...,q-l} 
i G {r, . . . , k — 1} 



Case c) If r > 2 then 



Ap(5, a) \ {0} = {y fc (a + kd) \ y k e {1, . . . , q}} 
[J < (a + id) + y fc (a + fed) 



< (a + id) + y fc (a + fed) 



y k G {0, . . . , q} 

ie{l,...,r-l} 



Vk G {0, . . . ,q — 1} 
i G {r, . . . , k — 1} 



Suppose that r = 0, i.e. a = gfe. For i£Z\{0, a}, we have 

q-l k-l q-l 

MsO) = - ^2 V-s(x - Vk(a + kd)) Hs{x - (a + id) - y k (a + kd)). (10) 

By applying ()10p to x — (a + feci) G Z \ {0, a}, that is, i € Z\{a + kd, a + (a + feci)} we obtain 



<jr fc — 1 <J 

- (a + kd)) = - y~) ns(x - yk(a + kd)) - } ] } y (J,s(x - (a + id) - y k (a + kd)). (11) 

3/fe=2 «=1 y fe =l 

By combining (fit)]) and ([TT]) for x G Z \ {0, a, a + feci, a + (a + feci)}, we obtain 

Hs{x) = fi s (x - q{a + kd)) + ^ /is(x - (a + zci) - c/(a + feci)) - ^(x - (a + ici)). 

i=l 

The cases when r > 1 are similar to Case a (and it is left to the reader as an exercise). □ 

6. Case (2q, 2q + d,2q + 2d) 
The multiplicity function of a multiset A of N is the function 

m A : N — > N 

which assigns to each element x G N its multiplicity, that is, the number of times that x appears 
in the multiset A. 

Let a = 2q and ci G N* such that gcd(a,ci) = gcd(c7,ci) = 1. For each i G {—1,0,1}, we 
consider the following multisets. 

Ai = {m(q + ci) + i \ m G N} , 

B, t = {m(q + d) - nd + i \ m G N \ {0, 1}, n G {1, 2, . . . , [m/2\ }} , 
C i = A i \jB i . 

As we mentioned above, given a triple (xo,xi,X2) G N x {0,1} x {0, . . . , q — 1}, we denote 
by [xo,xi,X2] the element in S given by the representation in Lemma [TJ In the sequel of this 
section, we shall consider this representation for all xo G Z, i.e., 

[x ,xi,x 2 ] = x a + xi(cx + ci) + x 2 (a + 2d) 
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for all (xq, xi, X2) G Z x {0, 1} x {0, . . . ,q — 1}. In this case, it is clear that 

if (xq, X\,x-i) G Z x {0, 1} x {0, . . . , q — 1} then [xq, x\, X2] G S <^=>- xq G N. 



The latter will be used in the proofs below. 

Theorem 3. Let S =< 2q, 2q + d, 2q + 2d >. Let (x ,x 1 ,x 2 ) G Z X {0, 1} x {0, . . . , q - 1}. 

XTien, 



Ms([xo,xi,x 2 ]) 



(-If 1 (nu - niAj + 2m Bo - m B ^ - m Bl ) (x ) if x 2 = 0, 
{-1) X1 {2m Co - inc., - m Cl ) (x - x 2 ) if x 2 > 1. 



We notice that if xq — x 2 is a constant then we should have the same value for hs{[xq, 0, X2]). 
The latter is illustrated by the first values of /j,s([xo, 0, x 2 ]), listed in Table Q] given at the end 
of the section, for the case when a = 22 and d = 5. Indeed, we can see appearing diagonals 
(corresponding to xq — x 2 constant) with the same value. 

Before proving Theorem [3l we need two lemmas and the following refinement of Theorem [2] 
when k = 2 and a even. 

Proposition 2. Let (xq,xi,x 2 ) G Z x {0, 1} x {0, . . . , q — 1} with {xq,x 2 ) {0,1} x {0,1}. 
Then, 

fJ>s([xo,xi,0]) = Ms([^o - (q + d),xi,0]) 

+Vs([xo -(q + d) - l,xi,q- 1]) 
-Vs([xo ~ 2{q + d) - l,xi,q- 1]) 



and 



fJ-s([xo,xi,x 2 ]) = Hs([xo ~ (q + d),x 1 ,x 2 \) 
+HS ([x - l,xi,x 2 - 1]) 
-US ([xq - (q + d) - l,x 1 ,x 2 - 1]) 



when x 2 > 1. 

Proof. From Theorem [2J we have 



Ms ([xq ,xi,X2\) = us ([x ,xi,X2] - [q + d,0,Q]) + pL S ([x , xi, x 2 ] - [q + d, 1,0]) (12) 
-Ms ([x ,xi,x 2 ] - [0, 1,0]) . 

Notice that q(a + 2d) = (q + d)a and a + (a + 2d) = 2 (a + d). 
Case a) If x\ = and x 2 = then, from (|12|) we obtain 

/iS ([x , 0,0]) = /i 5 ([xo,0,0]-[g + d,0,0])+/i5([xo,0,0]-[g + d,l,0]) (13) 
-^s([x ,0,0] - [0,1,0]). 
= MS ([x - (g + d),0, 0]) + Ms ([ar - 2(q + d)-l,l,q- 1}) 

-Ms ([xo - (g + d) - 1, 1, q - 1]) • 
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By applying the recursive equality (fT2|) to as ([xq — (q + d) — 1, 1, q — 1]), we obtain 

Ms([x -(g + d)-l,l,gr-l])= ^5 ([aj -2( g + d)- l,l,g-l]) ( 14 ) 

+as([ao-2(? + d)-l,0,?-l]) 

-^s([x O -(q + d)-l,0,q-l}). 
Finally, by combining equations (|13p and (|14p we have 

as (bo, 0,0]) = as (bo -(<? + <*), 0,0]) 

+as (bo- (2 + ^-1,0,3-1]) 

-as (bo -2(? + d)- 1,0, ?-!])• 
Case b) If x\ = and x 2 > 1 then, from ()12j) we obtain 

as(bo,0,x 2 ]) = as(bo,0,x 2 ] -x[g + d,0,0]) + a? (bo, 0, x 2 ] - [q + d, 1,0]) (15) 

-as (bo,o, x 2 ] - x[o, i,o]) 

= as (bo - (g + d),0,x 2 ]) + as (bo -(q + d)- 1,1, x 2 - 1]) 

-as (bo - 1, i,x 2 - 1]) . 

By applying the recursive equality (fT2j) to as ([xo — 1, l,x 2 — 1]), we obtain 

Us Oo - 1, l,x 2 - 1]) = as (bo - (q + d) - 1,1, x 2 - 1]) (16) 

+f^S ([x ~(q + d)- 1,0, X2-1}) 

-as (bo - i,o, x 2 - 1]) . 

Finally, by combining equations (|14p and (|16p we have 

Us ([x ,0,x 2 ]) = as (bo - (g + d),0,x 2 ]) 
+as(bo - 1,0, x 2 - 1]) 
-as ([xo - (q + d) - 1,0, x 2 - 1]) . 

This concludes the proof for x\ = 0. The proof for the case x\ = 1 is similar as the above case 
and it is left to the reader. □ 

Lemma 2. Let i € {—1, 0, 1}. For all x G Z\ {i}, m^x) = xnA,(x — (q + d)). 

Proof. By definition of the sets Ai, for any integer x<q + d + i — 1 such that i / i, we have 

mA,(x) = m At (x - (q + d)) = 0. 

For any integer x > q + d + i, we obtain 

x G Ai <4=>- there exists m G N with x = m(q + d) + i 

there exists m € N with x — (q + d) = (m — l)(q + d) + i 
x-(q + d) G A { . 

This completes the proof. □ 
Lemma 3. Let i e {—1,0,1}. For all x G Z, vcib^x) = VCic^x — (2q + d)). 
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Proof. By definition of the multisets Bi and Cj, for any integer x < 2q + d + i — 1, we have 

m Bi (x) = mc^x - (2(7 + d)) = 0. 

For any integer x > 2q + d + i, we obtain 

x £ Bi there exists m € N \ {0, 1}, 1 < n < \m/2\ with x = m(q + d) — nd + i 

there exists m 6 N \ {0, 1}, 1 < n < [m/2\ with x - (2q + d) = (m - 2)(q + d) 

-{n -l)d + i 

there exists m £ N, < n < \m/2\ with x — (2q + d) = m(q + d) — nd + i 
x - (2q + d) E Ci. 

This completes the proof. □ 
We may now prove Theorem [3l 

Proof of Theorem [3J By double induction on xq and X2 ■ 

For xo < 0, since [xo, x±, X2] ^ S and Q fl (Z \ N) = for all i G {—1, 0, 1}, it follows that 
MsQ^o, £1,0]) = (-l) Xl (nu -m^ +2m Bo -m B _, -m Bl )(x ) = 0, 

and 

H S ([x ,xi,x 2 ]) = (-l) x ' 1 (2mc - mc_! - m Cl )(x - x 2 ) = 0, 
for all x% G {1, . . . , q — 1}. 

Now, for xo € N, we suppose that the theorem is true for all values lesser than xo and all 
X2 £ {0, . . . , q — 1}. We distinguish different cases according to the values of x 2 . 

Case a) X2 = 0. 

For xo = 0, since //s([0, 0, 0]) = ^s(0) = 1 and £is([0, 1,0]) = /is(a + d) = — 1, it follows, by 
definition of the multisets Ai and Bi, that 

/i 5 ([0,xi,0]) = (-If 1 = (-l) Xl K -m Al +2m Bo - -m Bl )(0). 

For x = 1, since ^s([l,0,0]) = ns(a) = -1 and /Us([l, 1,0]) = /As(a + (a + d)) = c 2 (0, 2a + d) - 
cx(0, 2a + d) = 2 — 1 = 1, it follows, by definition of the multisets Ai and Bi, that 

MsQMi.O]) = (-l) Xl+1 = {-l) Xl {m Ao -m Al + 2m Bo -m B _ 1 -m Bl ){l). 

Suppose now that xo > 2. From Proposition [21 we have 

fis([xo,%i,Q}) = Hs{[xo-{q+d),x 1 ,0])+ns([xo-(q+d)-l,x 1 ,q-l})-ns{(xo-2{q+d),x 1 ,q-l}). 

By induction hypothesis, we have 

MsG^o - (q + d),xi,0\) = {-1) X1 (m Ao -m Al +2m Bo -niB.i -m Bl ) (x - {q + d)), 
»s{[x ~(q + d)- l,xi,g- 1]) = {-l) Xl (2m Co -mc_! -mci) (x - {2q + d)) 

and 

fi s ([x -2(q + d)-l, Xl ,q- 1]) = (-1) X1 (2m Co - - m Cl ) (x - (3q + 2d)). 

By Lemma [21 since xo > 2, we already know that 

m Ao (x - (q + d)) = m Ao (x ) and m Al (x - (q + d)) = m Al (x ). 

Moreover, by Lemma El we have 

™-Ci(xo ~ (2<? + d)) = m Bi (x ) and m Ci (x - (3g + 2d)) = m Bx (x - {q + d)), 
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for all i G {—1,0, 1}. Therefore, 

Hs([x ,xi,0}) = (~l) Xl [{m Ao - m Al ) (x - (q + d)) 

+ (2m Bo - m B _ 1 - m Bl ) (s - (? + d)) 
+ ( 2m c - me-! - mci) (so - (2g + d)) 
~ ( 2m c - mc_i - m Cl ) (s - (3q + 2d))] 

= (-l) Xl [(m Ao - m Al ) (x ) 

+ (2m Bo - m B _ 1 - vciBx) (s - (g + d)) 

+ (2m Bo - niB.! - m Bl ) (x ) 

- (2m Bo - m B _ 1 - m Bl ) {x - (g + d))] 

= (m^o - nu a + 2m£ - m B _j - m Bl ) (s ). 

Case b) X2 = 1. 

For x = 0, since fi s ([0, 0, 1]) = /x s (a + 2d) = -1 and fj, s ([0, 1, 1]) = Ms((a + d) + (a + 2d)) = 
C2(0, 2a + 3d) — ci(0, 2a + 3d) = 2 — 1 = 1, it follows, by definition of the multisets Cj, that 

IM S ([0,x u l]) = (-ir +1 = (-ir(2mc -mc.! -m Cl )(-l). 

For x = 1, since ^([1, 0, 1]) = /i S (a + (a + 2d)) = c 2 (0, 2a + 2d) - ci(0, 2a + 2d) = 3 - 1 = 2 
and /i 5 ([l,l,l]) = /i S (a+(a + d) + (a + 2d)) = -c 3 (0, 3a + 3d) + c 2 (0, 3a + 3d) - ci(0, 3a + 3d) = 
—7 + 10 — 1 = 2, it follows, by definition of the multisets Cj, that 

/x s ([l,*i,l]) = (-1)^2= (-ir(2m Co -inc., -tn Cl )(0). 
Suppose now that xq > 2. From Proposition [21 we have 

MS ([so, +351, 1]) = Ms([so - (q + d),xi,i\) + /Us([s - l,a?i,0]) - /U 5 ([x - (g + d) - l,xi,0]). 
By using Lemmas [2] and [3] and the induction hypothesis, we have 

MsQ^o - (g + d),zi,l]) = (-If 1 (2m Co -mcu -m Cl ) (s - (g + d) - 1), 
Ms([so - 1,^1,0]) = (-l) Xl (m Ao -m Al +2m Bo - m^, -m Bl ) (s - 1) 

and 

Ms ([so -(g + d) - l,xi,0) = (-1) X1 (m Ao -m Al + 2m Bo - m B _ 1 -m Bl ) (s - (g + d) - 1). 
First, since the multiset difference Cj \ Bi is equal to A{ for all i G {—1,0, 1}, it follows that 

m Cl - m Bi = VCiAi ■ 

Therefore, 

Hs([x ,xi,l]) = (~1) X1 [(m Ao - m Al ) (x - 1) - (m Ao - m Al ) (x - (q + d) - 1) 

+ {2m Co - m c _! - m Cl ) (s - (g + d) - 1) 
- (2mB - m B _ 1 - m Bl ) (s - (g + d) - 1) 
+ (2ms - m B _ 1 - m Bl ) (x - 1)] 

= (-l) Xl [(mAo - tiUi) (s - 1) - (nxA - niAi) (s - (g + d) - 1) 
+ (2mA - mA_! - (s - (g + d) - 1) 
+ (2m Bo - me., - m Bl ) (x - 1)] 

= (-l) Xl [{mA ~ m Ai) {xo - 1) + (mA - m A _ x ) (x - (q + d) - 1) 
+ (2ms - me., - m Bl ) (x - 1)] . 
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Moreover, by Lemma [21 since xq > 2, we know that 

m Ao (x - (q + d) - I) = m Ao (x - I) and nu.jfco - (<l + d) ~ 1) = TTU_i(a;o - 1)- 
Finally, in this case, we obtain 

^ s ([x ,xi,l]) = (-if 1 [(m Ao - m Al ) (x - I) + (m Ao - m^,) (x - (q + d) - 1) 

+ (2m Bo - niB.! - m Bl ) (x - 1)] . 
= (-l) Xl [{2m Ao - m A _ 1 - m Al ) (x - 1) + (2m Bo - m B _ 1 - m Bl ) (x - 1)] 
= (-If 1 (2m Co - me-, - m Cl ) (x - 1). 

Case c) X2 > 2. 
From Proposition [21 we have 

^s([xo,x 1 ,x 2 \) = fj,s([xo-(q+d),xi,x 2 ])+tJ-s([xQ-l,xi,X2-l})-tJ-s([xo-(q+d)-l,x 1 ,X2- 

By induction, we have 

Vs([xo - {q + d),xix 2 ]) = (-If 1 (2m Co -mc-i -m<7i) («o - s 2 - (<? + <)), 
Ms([zo - l,xi,x 2 - 1]) = (-If 1 (2mc -mc-i -«k?i) (zo - £2) 

and 

^s([zo - + - l,xi,x 2 - 1]) = (-I)" 11 (2mc -mc_! - m Cl ) (x - x 2 - (q + d)). 
Therefore, 

fi s ([xo,x 1 ,x 2 }) = (-If 1 [(2m Co - mc^ - m Cl ) (x - x 2 - (q + d)) 

+ ( 2m c - ™c_i - mcj (»o - Z2) 
- (2m Co - m c _! - mcj (x - x 2 - (q + d))] 
= (-If 1 (2m Co - m c _! - md) (x - x 2 ). 
This completes the proof of Theorem [3J 

Table 1: First values of fig ([xg, 0, £2]) for g = 11 and d = 5. 





X2 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 







1 


-1 































1 


-1 


2 


-1 




























2 





-1 


2 


1 

































-1 


2 


-1 

































-1 


2 


-1 

































-1 


2 


-1 

































-1 


2 


-1 

































-1 


2 


-1 

































-1 


2 


-1 

































-1 


2 


-1 




?-l 





























-1 


2 




9 
































-1 




?+l 













































































































Q- 


hd- 1 





































<? + d 


1 


-1 





























1 - 


hd+ 1 


-1 


2 


-1 



























Continued on next page 
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Table 1 - continued from previous page 





o 




2 


3 


4 


5 


5 


7 


g 


9 


10 


q + d + 2 





-1 


2 


-1 































-1 


2 


-1 































-1 


2 


-1 































-1 


2 


-1 































-1 


2 


-1 































-1 


2 


-1 































-1 


2 


-1 































-1 


2 


-1 


2q + d-l 


-1 


























-1 


2 


2q + d 


2 


-1 


























-1 


2q + d+l 


-1 


2 


-1 































-1 


2 


-1 































1 


2 


-1 




















2q + 2d-l 











-1 


2 


-1 

















2q + 2d 


1 


-1 








-1 


2 


-1 














2q + 2d+l 


-1 


2 


1 








-1 


2 


-1 











2q + 2d + 2 





-1 


2 


-1 








-1 


2 


-1 
















-1 


2 


-1 








-1 


2 


-1 
















-1 


2 


-1 








-1 


2 


-1 
















-1 


2 


-1 








-1 


2 



















-1 


2 


-1 








-1 






















-1 


2 


-1 































-1 


2 


-1 































-1 


2 


-1 


3q + 2d-l 


-1 


























-1 


2 


3q + 2d 


2 


-1 


























-1 


3q + 2d+l 


-1 


2 


1 































-1 


2 


-1 































-1 


2 


-1 




















3q + 3d - 1 











-1 


2 


-1 

















3q + 3d 


1 


-1 








-1 


2 


-1 














3q + 3d + 1 


-1 


2 


-1 








-1 


2 


-1 











3q + 3d + 2 





-1 


2 


-1 








-1 


2 


-1 
















-1 


2 


-1 








-1 


2 


-1 
















-1 


2 


-1 








-1 


2 


1 



References 

[1] J. A. Deddens, A combinatorial identity involving relatively prime integers, J. Combin. Theory Ser. A 26 
(1979) 189-192. 

[2] J.L. Ramirez Alfonsm, The Diophantine Frobenius problem, Oxford Lecture Series in Mathematics and its 

Applications 30, Oxford University Press, Oxford, 2005. 
[3] J.B. Roberts, Note on linear forms, Proc. Amer. Math. Soc. 7 (1956), 465-469. 

[4] J.C. Rosales and P.A. Garcfa-Sanchez, Numerical Semigroups, Developments in Mathematics, 20, Springer, 
New- York, 2009. 

[5] G.C. Rota, On the Foundations of Combinatorial Theory I. Theory of Mobius Functions, Z. Wahrschein- 
lichkeitstheorie 2 (1964) 340-368. 

14 



Institut de Mathematiques et de Modelisation de Montpellier, Universite Montpellier 2, Place 
Eugene Bataillon, 34095 Montpellier 

E-mail address: jonathan.chappelon@math.univ-montp2.fr 
URL: http : / / www . math . univ-montp2 . f r/~chappelon/ 

Institut de Mathematiques et de Modelisation de Montpellier, Universite Montpellier 2, Place 
Eugene Bataillon, 34095 Montpellier 

E-mail address: jramirez@math.univ-montp2.fr 
URL: http: //www. math. univ-montp2 . f r/~ramirez/ 



15 



